Several approaches to numerical modelling of liquid droplet heating and evaporation by
Several approaches to numerical modelling of liquid droplet heating and evaporation by convection and radiation from the surrounding hot gas are discussed. The finite thermal conductivity of liquid, recirculation in droplets, and time dependence of gas temperature and the convection heat transfer coefficient are taken into account. For the constant and almost constant convection heat transfer coefficient the new analytical solutions of the heat conduction equation inside droplets are incorporated into the numerical code. For the arbitrary convection heat transfer coefficient the numerical solution of the latter equation is replaced by the numerical solution of the Volterra integral equation of the second kind. Direct comparison between these approaches shows that the solution based on the assumption of constant convective heat transfer coefficient is the most computer efficient for implementation into numerical codes. The results of the application of this approach to the numerical modelling of fuel droplet heating and evaporation in conditions relevant to diesel engines are briefly discussed. This approach is more effective than the approach based on the numerical solution of the discretised heat conduction equation inside the droplet, and more accurate than the solution based on the parabolic temperature profile model. The relatively small contribution of thermal radiation to droplet heating allows us to take it into account using a simplified model, which does not consider the variation of radiation absorption inside droplets.
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Introduction
The problem of modelling heating and evaporation of droplets has been widely discussed in the literature [1] . In most practical engineering applications in CFD (Computational Fluid Dynamics) codes, however, only rather simplistic models for droplet heating have been used. These models have been based on the assumption that the thermal conductivity of liquid is infinitely high and the temperature gradients inside droplets can be ignored (e.g. [2] ). This simplification of the model was required due to the fact that droplet heating and evaporation had to be modelled alongside the effects of turbulence, combustion, droplet break-up and related phenomena in realistic 3D enclosures. Hence, finding a compromise between the complexity of the models and their computational efficiency is the essential precondition for successful modelling. Bertoli and Migliaccio [3] were perhaps the first who drew attention to the fact that the accuracy of CFD computations of heating, evaporation and combustion of diesel fuel sprays could be substantially increased if the assumption of infinitely high thermal conductivity of liquid is relaxed. They suggested that the numerical solution of the heat conduction equation inside the droplets is added to the solution of other equations in a CFD code. Although this approach is expected to increase the accuracy of CFD predictions, the additional computational cost might be too high for practical applications.
An alternative approach to taking into account the effects of finite thermal conductivity and recirculation inside droplets have been suggested in [4] . This model is based on the parabolic approximation of the temperature profiles inside the droplets. This approximation does not satisfy the heat conduction equation with appropriate boundary conditions, but satisfies the equation of thermal balance at the droplet surfaces. The simplicity of the model makes it particularly convenient for implementation into multidimensional CFD codes to replace the abovementioned model of isothermal droplets. Preliminary results of the implementation of the simplified version of this model into a research version of the CFD code VECTIS of Ricardo Consulting Engineers have been demonstrated in [5] .
Instead of solving numerically the heat conduction equation inside a droplet, or using a simplified model based on parabolic approximation, one could think about the development of a numerical code based on the analytical solutions of this equation. A number of analytical solutions have been obtained and discussed in the literature (e.g. [6] ). In most cases these analytical solutions have been presented in the form of converging series.
The finite liquid thermal conductivity models could be generalised to take into account the internal re-circulation inside droplets. This could be achieved by replacing the thermal conductivity of liquid k l by the so called effective thermal conductivity k eff = χ k l , where the coefficient χ varies from about 1 (at droplet Peclet number < 10) to 2.72 (at droplet Peclet number >500) [7] . This model can predict the droplet average surface temperature, but not the distribution of temperature inside droplets. In our case, however, we are primarily interested in the accurate prediction of the former temperature, which controls droplet evaporation. Hence, the applicability of this model can be justified.
The main objective of this paper is to summarise our recent results referring to the development of a new approach to numerical modelling of heating and evaporation of droplets in engineering CFD codes, taking into account the finite thermal conductivity in droplets and internal recirculation in them. Detailed description and analysis of these results will be presented elsewhere. Our approach is essentially based on analytical solutions of the heat conduction equation inside droplets. The algorithm suggested can be easily implemented into any CFD code. Both convective and radiative heating will be taken into account.
The basic equations and approximations used in our analysis are summarised in Section 1. In Section 2 the numerical algorithms for incorporation of various models into CFD codes are briefly discussed. The comparative analysis of the performance of these algorithms is given in Section 5. The main results of the paper are briefly summarised in Conclusions.
Theory
Assuming the spherical symmetry of the problem, the general transient heat conduction equation inside a droplet can be written as:
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where K = k l /(c l ρ l ) is the liquid thermal diffusivity, k l is the liquid thermal conductivity assumed to be constant, c l and ρ l are the liquid specific heat capacity and density respectively, r is the distance from the centre of the droplet, t is time, P(r) is the source term describing the contribution of thermal radiation, T is the droplet temperature specified at the initial moment of time as T| t=0 =T 0 (r). The boundary condition at r=0 follows from the problem symmetry
. Assuming that the droplet is heated by convection from the surrounding gas, and cooled due to evaporation, the boundary condition at the droplet surface can be written as:
, where h is the convection heat transfer coefficient, r d is the droplet's radius, T s is the droplet's surface temperature, L is the specific heat of evaporation, T g is the ambient gas temperature. The value of d r .
can be determined from the equation [1] :
where k g is the gas thermal conductivity, c pg is the gas specific heat capacity at constant pressure, B M is the mass Spalding number [1] . The boundary condition at r=r d can be rewritten as
where
Equations (3) and (4) allow us to take into account droplet evaporation, keeping our original assumption that droplet radius is constant. This can be justified if we remember that the specific heat of evaporation of liquid fuel is large, and our analysis is applied for small time steps.
In the case where the initial temperature inside the droplet and the convection heat transfer coefficient are constant, and the contribution of radiation can be ignored, the analytical solution of Equation (1) can be presented as [6, 8] : 
where T s0 is the droplet initial temperature,
, λ n are solutions of the equation
Equation (6) can be reduced to the case where temperature gradients inside droplets can be ignored [9] . Analytical solutions of Equation (1) have been obtained for the case where T g is an arbitrary function of time, and h is constant or almost constant. In the case of arbitrary h the solution of this equation was reduced to the solution of the Volterra integral equation of the second type. The details will be reported in [10] .
The model suggested in [4] is based on an a priori assumption about the temperature profile inside the droplet in the form:
where T c (t) and T s (t) are the temperatures in the centre (r=0) and on the surface (r=r d ) of the droplet respectively. As shown in [4] , in the absence of evaporation, this model gives reasonably accurate results unless the time is close to zero. In the same paper the correction to this model was suggested which gives accurate results in the whole range of time starting with t=0. An additional version of this model taking into account the effect of evaporation is discussed in [11] . The abovementioned parabolic model is much simpler than the numerical solution of Equation (1) and the rigorous analytical solution of this equation (e.g. Equation (5).
Ignoring the variations of temperature inside droplets, the radiative heating of each droplet is obtained from the solution of equation [5] :
where σ is the Stefan-Boltzmann constant, a Q _ is the average efficiency factor of absorption for the droplet, T d is the droplet temperature, θ R is the so called radiation temperature. This is equal to gas temperature T g in the case of optically thick medium, and to external temperature T ext in the case of optically thin medium. The focus will be on the latter case, although the results can be easily generalized to the former one.
Following [12, 13] 
where C 2 = 1.439 x10 4 μ m K, κ λ is the spectral index of absorption, λ 1 and λ 2 indicate the spectral range of absorbed thermal radiation. The term 4n/(n+1) 2 is close to unity for the values of n typical for diesel fuel and its contribution can be ignored in most practical applications (see e.g. [12] ). We took λ 1 =0.5 μ m and λ 2 =6 μ m. This range of λ incorporates the maximum of thermal radiation energy for typical diesel engine conditions. [13] .
Ignoring the contribution of thermal radiation from droplets, and using this approximation for Λ 0 , we can simplify the expression for P(r) to:
where we assumed that θ R =T ext. In the case where the distribution of radiation absorption inside the droplet needs to be taken into account, the solution of Equation (1) is required with the radiation term P (r). In the general case, the calculation of this term is based on the solution of Maxwell equations with the boundary conditions at the surface of the droplet (Mie theory). The implementation of this solution into CFD codes looks unrealistic at the moment. Following [14] we present this term in a simplified form:
is the Planck function defined as: have been suggested and discussed in [14] . As in Equation (8) λ 1 and λ 2 describe the spectral range of thermal radiation which contributes to droplet heating, and it was assumed that λ 1 =0.5 μ m, λ 2 =6 μ m, and n was calculated from the equation [14] : 
where n 0 =1.46, λ m =3.4 μ m.
Numerical Algorithms
The influence of droplets on gas is ignored. This approximation would be justified in the case where the concentration of droplets is low. In realistic situations gas temperature can be calculated by the enthalpy transport equation with the source term describing the contribution of droplets. The values of the convection heat transfer coefficient depend on gas parameters alongside with droplet radius. Under these assumptions the calculation of droplet temperature reduces to the solution of Equation (1) subject to appropriate initial and boundary conditions. When calculating droplet radius we took into account the conservation of mass of liquid droplet during its swelling.
Five numerical algorithms for the solution of the problem of droplet heating and evaporation will be summarised. These will be based on the numerical solution of discretised heat conduction Equation (1), the analytical solutions of this equation based on the assumptions that h=const, and h is almost constant, solution of the Volterra integral equation of the second kind for arbitrary h, and the parabolic temperature profile model. The contribution of radiation will be taken in the form (9) , in the form (10), or ignored altogether.
We used the fully implicit finite volume scheme to solve the descretised Equation (1) . If the time step over which droplet temperature and radius are calculated is small, we can assume that h=const over this time. In this case we calculated d r .
from Equation (2) and T eff from Equation (4). Then the initial condition at t=0 will allow us to calculate the distribution of temperature inside droplets at the end of the first time step using the analytical solution of Equation (1) for h=const. r d was calculated based on Equation (2) with the correction for swelling of the droplet. The same procedure was repeated for all the following time steps until the droplet was evaporated.
When the change of h(t) over a time step was small but still needed to be taken into account then the analytical solution for almost constant h(t) could be applied [10] . The difficulty in the application of the analytical solution in this case is that iterations are required. The general scheme for the solution in this case starts with the first step for the case when h(t)= const. Droplet radius is calculated taking into account droplet swelling and evaporation. At the next stage we assume that h (t) is a linear function of t over the time step and calculate the rate of change of h, which is required to use the solution for almost constant h(t). The value of h(t) at the end of the time step is expected to be close to the one predicted by the analysis based on the assumption that h(t)=const. In the unlikely event if this is not the case a further iteration is needed. Based on our experience, the prediction of the second iteration is practically undistinguishable from the prediction of the first iteration for realistic diesel engine conditions. The same procedure is repeated for other time steps, assuming initially that the rate of change of h(t) at the next time step is the same as at the previous one.
It is unlikely that the numerical algorithm for arbitrary h(t) is used in CFD calculations. It can, however, be useful for calculating heating of slowly evaporating individual droplets in a prescribed gas flow. In this case the solution of Equation (1) is reduced to the solution of the Volterra integral equation of the second kind [10] . In all cases the change of r d over the time of calculations should be small.
Although the algorithms described above are likely to describe the heating of droplets more accurately compared with the case where the temperature gradients inside droplets are ignored altogether, they might be CPU intensive. A reasonable compromise between accuracy and CPU time requirements can be achieved for the parabolic temperature profile model described in Section 1. The effect of thermal radiation is ignored at this stage. It can be included as a perturbation if required [4] . The application of this model starts with finding the average droplet temperature from the heat balance equation for the droplet as a whole. Then the value of droplet surface temperature is calculated assuming that the temperature profile is parabolic, and
is zero. Using the calculated surface temperature, the updated value of d r . is obtained. As follows from our analysis the second iteration of this process is usually not required.
Note that in this algorithm we do not need to take into account the differential radiation heating of droplets as described by the function w( − r , λ ), as we are not interested in details of temperature distribution inside droplets. Instead, the global heating of droplets needs to be accounted for as described by Equation (9) . Also, kinetic effects in the droplet evaporation process have not been taken into account (see [15] for details).
Comparison of the results
In this section the results of our comparison of the performance of the schemes discussed in Section 2 for the parameters relevant to diesel engines will be briefly summarised. The initial droplet radius taken was equal to 10 μ m, and its initial temperature equal to 300 K. The droplet swelling and the temperature dependence of k l are taken into account. The effect of droplet break-up was not taken into account, and this might lead to unrealistically long droplet lifetimes. At first we consider the case where the contribution of thermal radiation is ignored. Then the contribution of thermal radiation is discussed.
It was assumed that the convection heat transfer coefficient h decreased from 1.377 k g /r d to k g /r d over 1 ms. This can approximate the reduction of the droplet relative velocity from 0.45 m/s to zero -the situation relevant to diesel engines when air entrainment by a fuel spray is taken into account [16] . At first the numerical algorithms using the solution for h= const, almost constant h and arbitrary h were compared for the case of droplet heating without evaporation. Gas temperature was taken as equal to 1000 K. The algorithms based on analytical solutions for h=const, almost constant h, and the numerical solution of Volterra integral equation of the second kind predict almost the same dependence of droplet surface temperature on time. From the point of view of computer efficiency, however, the algorithm using the analytical solution for h= const, has had clear advantages over other algorithms. The CPU time required by this algorithm has been about an order of magnitude less than the CPU time required by the algorithms with transient h. This result allows us to focus on the algorithm using the analytical solution for h= const for the implementation in CFD codes.
At the next stage we compared the performance of this algorithm with the performance of the numerical solution of the discretised Equation (1), the performance of the numerical algorithm based on the parabolic temperature profile model, and the numerical algorithm based on the assumption that there is no temperature gradient inside the droplet. As in the previous analysis we assumed that T g = 1000 K, but allowed droplets to evaporate and swell.
As follows from our analysis, the predictions of numerical calculations based on the numerical solution of the discretised Equation (1) and the algorithms using the analytical solution for h= const almost coincide for both the surface temperature and droplet radius. Both these solutions differed noticeably from the predictions of the model based on the assumption of no temperature gradient inside the droplet. The predictions of the parabolic model were between the abovementioned solutions. This means that from the point of view of potential accuracy the numerical solution of the discretised Equation (1) and the solution based on the algorithms using the solution for h= const were practically identical and superior to the numerical solutions based on the parabolic temperature profile model and the model with no temperature gradient inside the droplet. However, the CPU requirements for the algorithms using the solution for h= const were consistently lower than for the case of the numerical solution of the discretised Equation (1) (up to an order of magnitude and even more). Hence the former algorithms are recommended for implementations into CFD codes.
As already mentioned, there can be two different approaches to modelling the effects of thermal radiation on heating and evaporation of droplets. If we intend to take into account the distribution of temperature inside droplets we first need to calculate P(r) in Equation (10) (see [14] for details). If we ignore the distribution of thermal radiation absorption inside droplets then a much simpler approach based on approximation (9) can be used [12, 13] . Expression (10) is certainly more accurate than Expression (9), but its application requires much more CPU time.
To illustrate the effect of thermal radiation on droplet heating and evaporation we consider modelling of droplet heating and evaporation in the gas at temperature 700 K near the droplet and external temperature 2500 K (this temperature can be identified with the temperature of remote flame). These values of temperature are extreme rather than typical, but they are used to illustrate the effect of thermal radiation. Similarly to the case without thermal radiation we took droplet radius equal to 10 μ m and its initial temperature is equal to 300 K. In contrast to the previous case, however, we assumed that the convective heat transfer coefficient is equal to k g /r d throughout the droplet lifetime (this refers to stationary or almost stationary droplets relative to the surrounding gas). The problem was solved using the following approximations: a) Temperature gradient inside the droplet, and contribution of radiation were not taken into account. b) Temperature gradient inside the droplet was not taken into account. The contribution of radiation was taken into account based on the presentation of P(r) in the form (9) . c) No contribution of radiation, but the temperature gradient inside the droplet is taken into account. Numerical algorithm of the solution of Equation (1) is based on the analytical solution corresponding to constant h, was applied at each time step.
d) The same as case (c) but with contribution of radiation taken into account based on the presentation of P(r) in the form (10).
e) The same as case (c) but with contribution of radiation taken into account based on the presentation of P(r) in the form (9).
f) The temperature gradient inside the droplet was taken into account. The numerical solution of the discretised Equation (1) with the radiation term in the form (9) is performed using the finite volume technique with fully implicit marching in time.
As follows from our analysis, the time evolution of surface temperature predicted by models ' d' and ' e' practically coincide. The time evolution of droplet radii predicted by these models differ slightly, but this difference can be ignored in most practical applications. Recall that the values of parameters used for our comparison are extreme rather than typical for diesel engine environments. In more realistic cases this difference between the curves is expected to be even smaller. Under these circumstances, the application of the radiation term in the form (9) seems to have clear advantages when compared with the application of the radiation term in the form (10), due to simplicity of the former. This allows us to recommend the application of radiation term in the form (9) for practical calculations in CFD codes.
Based on the analysis of the plots of droplet surface temperature and radius versus time predicted by the models based on approximations ' a' -' c' and ' e' -' f' we were able to reach the following conclusions. The effect of radiation tends to increase droplet evaporation due to the additional heat source, as expected. The effect of temperature gradient leads to increases in droplet surface temperature when compared with the droplet average temperature. This would lead to an increase in droplet evaporation due to the direct temperature effect, and its decrease due to decrease of convective heat supply to droplet surface. In our case, the second effect dominated over the first, and the rate of droplet evaporation decreased. The curves predicted by models ' e' and ' f' appear to be rather close to each other. This means that the predictions of the numerical algorithm of the solution of Equation (1) based on the analytical solution corresponding to constant h and the numerical solution of the disretised equation with the radiation terms taken into account give rather similar results.
The CPU requirements for the case ' d' were more than an order of magnitude larger than for other cases. This CPU requirement is difficult to justify in view of very small improvement of the accuracy of calculations. The CPU time for the algorithm based on the analytical solution is always much less than CPU time for algorithm based on the numerical solution of the discretised Equation (1) . This allows us to recommend the former algorithm with the radiation term in the form (9) for practical applications, including possible implementation into CFD codes.
Note that the CPU time required for the case without radiation was slightly larger than for the case when the radiation was taken into account and the radiation term is taken in the form (9) . This is related to the fact that in the case without radiation droplet needs longer time to evaporate.
Conclusion
New approaches to numerical modelling of droplet heating and evaporation by convection and radiation from the surrounding hot gas have been discussed. Gas temperature T g and convective heat transfer coefficient h have been taken as arbitrary functions of time. These approaches are based on the incorporation of the analytical solutions into a numerical code. It has been shown that the solution based on the assumption of constant convective heat transfer coefficient is the most efficient for the implementation into numerical codes. Initially, this solution is applied at the first time step, using the initial distribution of temperature inside the droplet. The results of the analytical solution over this time step are used as the initial condition for second time step etc. This approach has been compared with the approaches based on the numerical solution of the discretised heat conduction equation, those based on the assumption that there is no temperature gradient inside the droplet, and those based on the assumption that the temperature distribution inside the droplet has a parabolic profile. All these approaches have been applied to numerical modelling of fuel droplet heating and evaporation in conditions relevant to diesel engines, but without taking into account the effects of droplet break-up. The algorithm based on the analytical solution for constant h has been shown to be more effective (from the points of view of accuracy and CPU time requirement) than the approach based on the numerical solution of the discretised heat conduction equation inside the droplet, and more accurate than the solution based on the parabolic temperature profile model. The relatively small contribution of thermal radiation to droplet heating and evaporation allows us to describe it using a simplified model, which takes into account their semi-transparency, but does not consider the spatial variations of radiation absorption inside droplets.
